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Abstract. Using recent measurements of the b-quark fragmentation distribution obtained in e+e− → bb
events, registered at the Z pole, the non-perturbative QCD component of the fragmentation distribution has
been extracted independently of any hadronic physics modelling. This distribution depends only on the way
the perturbative QCD component has been defined. When the perturbative QCD component is taken from
a parton shower Monte-Carlo, the non-perturbative QCD component is rather similar with those obtained
from the Lund or Bowler models. When the perturbative QCD component is the result of an analytic
NLL computation, the non-perturbative QCD component has to be extended in a non-physical region and
thus cannot be described by any hadronic modelling. In the two examples, used to characterize these two
situations, which are studied at present, it happens that the extracted non-perturbative QCD distribution
has the same shape, being simply translated to higher-x values in the second approach, illustrating the
ability of the analytic perturbative QCD computation to account for softer gluon radiation than with a
parton shower generator.

1 Introduction

Improved determinations of the b-quark fragmentation
distribution have been obtained by ALEPH [1], DELPHI
[2], OPAL [3] and SLD [4] collaborations which measured
the fraction of the beam energy taken by a weakly decay-
ing b-hadron in e+e− → bb events registered at, or near,
the Z pole.

This distribution is generally viewed as resulting from
three components: the primary interaction (e+e− anni-
hilation into a bb pair in the present study), a pertur-
bative QCD description of gluon emission by the quarks
and a non-perturbative QCD component which incorpo-
rates all mechanisms at work to bridge the gap between
the previous phase and the production of weakly decay-
ing b-mesons. The perturbative QCD component can be
obtained using analytic expressions or Monte Carlo gen-
erators. The non-perturbative QCD component is usually
parametrized phenomenologically via a model.

To compare with experimental results, one must fold
both components to evaluate the expected x-dependence:

Dpredicted(x) =
∫ 1

0
Dpert.(z) × Dmodel

non−pert.(
x

z
)
dz

z
(1)

In the present analysis, x =
√

x2
E−x2

min√
1−x2

min

where xE =
2EB√

s
is the fraction of the beam energy taken by the weakly
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decaying hadron and xmin = 2mB√
s

is its minimal value.
The final and the perturbative components are defined
over the [0, 1] interval. As explained, in the following, the
non-perturbative distribution must be evaluated for x > 1,
if the perturbative component is non-physical. The param-
eters of the model are then fitted by comparing the mea-
sured and predicted x-dependence of the b-quark fragmen-
tation distribution. Such comparisons have already been
made by the different experiments using, for the pertur-
bative component, expectations from generators such as
the JETSET or HERWIG parton shower Monte-Carlo. It
has been shown, with present measurement accuracy, that
most of existing models, for the non-perturbative part,
are unable to give a reasonable fit to the data [1,2,3,4].
Best results have been obtained with the Lund and Bowler
models [12,13]. In the following, a method is presented to
extract the non-perturbative QCD component of the frag-
mentation function directly from data, independently of
any hadronic model assumption.

2 Extracting the x-dependence
of the non-perturbative QCD component

The method is based on the use of the Mellin transfor-
mation which is appropriate when dealing with integral
equations as given in (1). The Mellin transformation of
the expression for D(x) is:
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D̃(N) =
∫ ∞

0
dx xN−1 D(x) (2)

where N is a complex variable. For integer values of N ≥
2, the values of D̃(N) correspond to the moments of the
initial x distribution 1. For physical processes, x is re-
stricted to be within the [0, 1] interval. The interest in
using Mellin transformed expressions is that (1) becomes
a simple product:

D̃(N) = D̃pert.(N) × D̃non−pert.(N) (3)

Having computed, in the N -space, distributions of
the measured and perturbative QCD components, the
non-perturbative distribution, D̃non−pert.(N) is obtained
from (3). Applying the inverse Mellin transformation on
this distribution one gets Dnon−pert.(x) without any need
for a model input:

Dnon−pert.(x) =
1

2πi

∮
dN

D̃meas.(N)
D̃pert.(N)

x−N (4)

in which the integral runs over a contour in the complex
N -plane.

A detailed description of the extraction method can be
found elsewhere [5].

3 x-dependence measurement
of the non-perturbative QCD component

The method has been applied using three different ap-
proaches to evaluate the perturbative QCD component: a
parton shower Monte-Carlo (JETSET 7.3 [6]), an analytic
NLL computation [7] and another analytic NLL compu-
tation using Dressed Gluon Exponantiation (DGE) [8].
The extracted non-perturbative QCD components are
presented in Fig. 1. The results corresponding to the
NLL+DGE approach are still preliminary and therefore in
the following we will concentrate on the two other cases.

For those three perturbative approaches, the extracted
non-perturbative QCD component has been found to be
compatible with zero for x < 0.7. This means that the
gluon radiation is well accounted, in this region, by all of
them.

When the order of perturbative QCD becomes higher,
the non-perturbative part starts at a larger x value. This
fact illustrats the ability of higher order QCD computa-
tions to account for softer gluon radiation. For the non-
perturbative functions, corresponding to JETSET and to
the NLL computation of [7] it happens that the non-
perturbative QCD component has a similar shape, being
simply translated to higher-x values in the case of the an-
alytic NLL QCD.

When the perturbative QCD component is taken from
the analytic result of [7] it has been found that, because
of the analytic behaviour of the perturbative QCD com-
ponent, the non-perturbative QCD distribution must be

1 By definition D̃(1) (= 1) corresponds to the normalization
of D(x).

Fig. 1. The extracted non perturbative QCD component for
the three perturbative approaches. The result corresponding
to NLL+DGE has not been yet calculated for x > 0.95

extended above x = 1. This has not a physical meaning.
It is directly related to the breakdown of the NLL QCD
approach when x gets close to 1, and is necessary in order
to compensate for the unphysical behaviour of the pertur-
bative QCD component in this region. The x-behaviour of
the non-perturbative component, for x > 1, is determined
by the possible existence of a zero in D̃pert.(N), for N > 0.

As the non-perturbative QCD distribution is evaluated
for any given value of the x-variable it can be verified if
it remains physical over the interval [0, 1] when used with
a Monte-Carlo generator which provides the perturbative
component. The evidence for unphysical regions would in-
dicate that the simulation or the measurements are incor-
rect. There is not such an evidence in the present analysis.

4 Comparison with models

In Fig. 2, the directly extracted non-perturbative compo-
nents are compared with distributions taken from mod-
els [9,10,11,12,13] whose parameters have been fitted on
data from [1]. Results have been obtained by comparing,
in each bin, the measured bin content with the integral,
over the bin, of the folded expression for Dpredicted(x). The
results corresponding to the perturbative component from
JETSET are summarized in Table 1. When the perturba-
tive QCD component is taken from JETSET, the non-
perturbative QCD component is rather similar in shape
with those obtained from the Lund symmetric [12] or
Bowler [13] models, and is rather different from distri-
butions obtained in other models that have tails at low x
(e.g. Peterson [10], Collins-Spiller [11]).

When the perturbative QCD component is taken
from the analytic result of [7], the fact that the non-
perturbative QCD component extends into a non-physical
region implies that it cannot be described by any given
physical hadronic model. Therefore the results of the
corresponding fits are meaningless, and have not be in-
cluded in Table 1. A parametrization of the extracted non-
perturbative distribution has been proposed in [5].
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Fig. 2. Comparison between the directly extracted non-
perturbative component (thick full line) and the model fits on
data taken from [1]. Left: the perturbative QCD component is
taken from JETSET. Right: the theoretical perturbative QCD
component [7] is used

5 Conclusions

The measured b-quark fragmentation distribution has
been analysed in terms of its perturbative and non-
perturbative QCD components.

The x-dependence of the fragmentation distribution
has been extracted in a way which is independent of
any model for non-perturbative hadronic physics. It de-
pends closely on the way the perturbative QCD compo-
nent has been evaluated. The obtained distribution differs
markedly from those expected from various models. When
the perturbative QCD component is taken from JETSET
the extracted distribution is rather similar in shape with
those expected from the Lund symmetric [12] or Bowler
[13] models. When the perturbative QCD component is

Table 1. Values of the parameters and of the χ2/NDF ob-
tained when fitting results from (1) for different models of
the non-perturbative QCD component, to the measured b-
fragmentation distribution. The perturbative QCD component
has been taken from JETSET. The Lund and Bowler models
have been simplified by assuming that the transverse mass of
the b-quark, mb⊥, is a constant. The last quoted uncertainty
corresponds to the variation induced by selecting, in the fitting
procedure, between five and nine eigenvalues of the measured
error matrix

Model param. χ2/NDF

Kartvelishvili [9] εb = 12.3 ± 0.7 ± 0.4 35/6
xεb (1 − x)

Peterson [10] εb = (4.1+0.4 +0.2
−0.3 −0.1) × 10−3 47/6

1
x

(
1 − 1

x
− εb

1−x

)−2

C.S [11] εb = (3.3 ± 0.5+0.4
−0.9) × 10−3 117/6(

1−x
x

+
εb(2−x)

1−x

) (
1 + x2

)
·

(
1 − 1

x
− εb

1−x

)−2

Lund [12] a = 1.68 ± 0.18+0.09
−0.06 7/5

1
x

(1 − x)a exp

(
− bm2

b⊥
x

)
bm2

b⊥ = 15.6 ± 1.2+0.5
−0.4

Bowler [13] a = 0.89 ± 0.11 ± 0.10 18/5
1

x
1+bm2

b⊥
(1 − x)a·

exp

(
− bm2

b⊥
x

)
bm2

b⊥ = 75. ± 9.
+.5
−9.

taken from the analytic result of [7], the non-perturbative
QCD distribution must be extended above x = 1.

Consistency checks, on the matching between the mea-
sured and predicted b-fragmentation distribution, can be
defined which provide information on the determination
of the perturbative QCD component itself.

The non-perturbative component, extracted in this
way, is expected to be valid in a different environment than
e+e− annihilation, as long as the perturbative QCD part
is evaluated within the same framework (analytic QCD
computation or a given Monte Carlo generator), and us-
ing the same values for the parameters entering into this
evaluation as mpole

b , Λ
(5)
QCD or generator tuned quantities.
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